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We develop the fluctuational electrodynamics of metamaterials with hyperbolic dispersion and show

the existence of broadband thermal emission beyond the black body limit in the near field. This arises

due to the thermal excitation of unique bulk metamaterial modes, which do not occur in conventional

media. We consider a practical realization of the hyperbolic metamaterial and estimate that the effect

will be observable using the characteristic dispersion (topological transitions) of the metamaterial

states. Our work paves the way for engineering the near-field thermal emission using metamaterials.
VC 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4754616]

Engineering the black body thermal emission using arti-

ficial media promises to impact a variety of applications

involving energy harvesting,1 thermal management,2 and

coherent thermal sources.3 The usual upper limit to the

black-body emission is not fundamental and arises since

energy is carried to the far-field only by propagating waves

emanating from the heated source. If one allows for energy

transport in the near-field using evanescent waves, this limit

can be overcome. Thus thermal emission beyond the black

body limit is expected due to surface electromagnetic excita-

tions4 or at the edge of the bandgap in photonic crystals,5

where there is a large enhancement in the photonic density

of states. Advances in near field scanning and probing tech-

niques6–8 have led to conclusive demonstrations of these

effects.

One limitation of the above mentioned approaches using

photonic crystals or surface electromagnetic excitations is

that the energy transfer beyond the black body limit (super-

Planckian9,10 thermal emission) only occurs in a narrow

bandwidth. In this paper, we show that artificial media

(metamaterials) with engineered dielectric properties can

overcome the limitation of super-Planckian thermal emission

at a single resonant frequency. Our work rests on the recently

discovered singularity in the bulk density of states of meta-

materials with hyperbolic dispersion.11–13 The unique prop-

erty which sets these hyperbolic metamaterials (HMMs)

apart from conventional approaches of engineering the pho-

tonic density of states (PDOSs) is the broad bandwidth in

which the PDOS is enhanced.

The dielectric tensor of the HMM is given by e
$ ¼

diag½exx; eyy; ezz� with exx ¼ eyy and exx � ezz < 0. The extraor-

dinary waves in this extremely anisotropic uniaxial medium

follow a hyperboloidal isofrequency surface ðk2
x þk2

yÞ=ezz þ
k2

z =exx ¼ k2
0 (~k ¼ ½kx; ky; kz� and k0 is the free space wavector)

as opposed to spherical in a conventional medium (Fig. 1). It

follows immediately that waves with very large wavevectors

are allowed to propagate in this HMM, which would have

been evanescent in any conventional medium (Fig. 1(a), red

arrows). The PDOS enhancement occurs due to the contribu-

tion of these high-k modes. The use of these states for quan-

tum nanophotonics was proposed11 and later experimentally

verified by multiple groups.14–16

Here, we develop the fluctuational electrodynamics of

HMMs to analyze the role of the large enhancement in the

density of states on the thermal emission. Our work paves

the way for engineering the thermal emission using metama-

terials for applications such as near-field thermophotovol-

taics17 and near-field thermal sources. We show that the

characteristic dispersion of the high-k states (topological

transitions in the isofrequency surface18) manifests itself in

the thermal emission beyond the black body limit. We also

FIG. 1. (a) (i) Multilayer hyperbolic metamaterial (HMM) with unit cell size

“a” consisting of alternating layers of silicon carbide and silicon dioxide (ii)

Ellipsoidal isofrequency surface for effective anisotropic dielectric

(exx ¼ eyy > 0, ezz > 0) (iii) type I HMM with only one negative component

in the dielectric tensor (exx ¼ eyy > 0, ezz < 0) (iv) type II HMM with two

negative components (exx ¼ eyy < 0, ezz > 0) The arrows denote the allowed

wavevectors in the medium which can take large values in the HMM. (b)

Optical phase diagram of SiC/SiO2 metamaterial showing the different opti-

cal isofrequency surfaces achieved in different regions depending on the fre-

quency of operation and fill fraction of metal. The dark blue area denotes an

anisotropic effective metal where propagating waves are not allowed.a)zjacob@ualberta.ca.
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show that the proposed effect can be experimentally verified

in a practical implementation of the HMM.

One approach to achieving the extreme anisotropy charac-

teristic of HMMs is by using a metal-dielectric super-lattice

structure, where the thickness of each layer is far below the

operating wavelength. We consider here a phonon-polaritonic

metal (silicon carbide SiC) where the coupling between the op-

tical phonons and light causes the real part of the permittivity to

become negative in the Reststrahlen band (real(em)< 0 between

xTO ¼ 149:5� 1012 Hz and xLO ¼ 182:7� 1012 Hz, the

transverse and longitudinal optical phonon resonance frequen-

cies). The permittivity of SiC is given by4 em ¼ e1ðx2
LO

�x2 � icxÞ=ðx2
TO � x2 � icxÞ, where xis the frequency of

operation e1 ¼ 6:7 and c ¼ 0:9� 1012 Hz. The key advantage

of these phonon-polaritonic HMMs, along with the low losses,

is that the high-k modes can be excited thermally at moderate

temperatures ranging from 400–500 K when the black body dis-

tribution lying within the Reststrahlen band takes on experi-

mentally detectable values. We choose silicon dioxide (SiO2)

as the dielectric which is compatible with SiC and can be epi-

taxially grown in a chemical vapor deposition process19

(ed ¼ 3:9).

We now introduce the possible optical phases of the SiC/

SiO2 based multilayer hyperbolic metamaterial. Effective me-

dium theory (EMT) predicts the components of the metamate-

rial along the direction parallel and perpendicular to the

interfaces to take the form exx ¼ eyy ¼ emf þ edð1� f Þ and

ezz ¼ emed =ðemð1� f Þ þ edf Þ, respectively, where f is the

fill fraction of the metal.16 When the fill fraction is changed,

the composite metal-dielectric multilayer slab behaves as a

type I hyperbolic metamaterial with only one negative

component in the dielectric tensor (exx ¼ eyy > 0,ezz < 0),

type II hyperbolic metamaterial with two negative compo-

nents (exx ¼ eyy < 0, ezz > 0), effective anisotropic dielectric

(exx ¼ eyy > 0, ezz > 0) or effective anisotropic metal

(exx ¼ eyy < 0, ezz < 0).16 The optical phases are defined with

respect to the extraordinary waves in the metamaterial. The var-

ious optical phases as a function of wavelength and fill-fraction

for the SiC/SiO2 multilayer phonon-polaritonic HMM have

been shown in Figure 1 along with their isofrequency surfaces.

Note that both HMMs support propagating high-k modes which

do not occur in conventional media. Furthermore, as the wave-

length is changed, there are topological transitions in the isofre-

quency surfaces (closed to open or vice versa) marked by the

sudden appearance of the high-k states.18

We now explain the effect of these high-k modes and

optical phases on thermal emission from HMMs. To calcu-

late the thermal emission in the far-field, Kirchoff’s law suf-

fices, which states that the spectral directional absorptivity is

equal to the spectral directional emissivity.20 Here, we focus

exclusively on the near field properties which cannot be

accounted for by Kirchoff’s laws. Note that the high-k waves

which are thermally excited in the HMM are trapped inside

and will be evanescent in vacuum (not reach the far field).

Following the seminal work of Rytov,21 which considers

electromagnetic fields generated by equilibrium thermal fluc-

tuations, we use the fluctuation-dissipation theorem and the

green’s tensor of the hyperbolic metamaterial (see supplemen-

tary information28) to calculate the emitted energy density in

the near field of an HMM in equilibrium at temperature T,

uðz;x; TÞ ¼ UBBðx; TÞ
2

�
ðk0

0

kqdkq

k0jk1zj
ð1� jrsj2Þ þ ð1� jrpj2Þ

2

(

þ
ð1

k0

k3
qdkq

k3
0jk1zj

e�2Imðk1zÞzðImðrsÞ þ ImðrpÞÞ
)
;

(1)

where uðz;x; TÞ is the energy density at a distance z and fre-

quency x while T denotes the temperature. kq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

x þ k2
y

q
,

k0 ¼ x=c, k1z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

0 � k2
q

q
(Im k1z > 0), rs and rp are the

Fresnel reflection coefficients from the metamaterial half

space for (s) and (p) polarized light, respectively, and “Im”

denotes the imaginary part. UBBðx; TÞ is the black-body

emission spectrum at temperature T. For convenience, we

choose a metamaterial half space but we have verified that

our approach and also the results can be generalized to a

multilayer slab or effective medium slab. These results will

be presented in a detailed publication elsewhere.

Notice that the second term in the above equation is the

contribution to the near field energy density due to evanes-

cent waves (kq > k0 ¼ x=c) and is the reason for the super-

Planckian emission. In the near field when d � k, the above

expression simplifies to

uðz;x; TÞz�k � UBBðx; TÞ
ImðrpÞ
8ðk0zÞ3

: (2)

Near the HMM (ejj ¼ exx þ ie00, e? ¼ ezz þ ie00 and exy � ezz

< 0), the reflection coefficient of high-k waves takes the form

rp � ðek �
ffiffiffiffiffiffiffiffiffiffiffi
ek=e?

p
Þ=ðek þ

ffiffiffiffiffiffiffiffiffiffiffi
ek=e?

p
Þ. To make the physical

meaning of Eq. (2) clear, we expand the right hand side of Eq.

(2) as a Taylor expansion of e00. This requires e00 �
min(|ezz|,|ezz|). Finally, we have the near-field energy (for low

losses) to be

uðz;x; TÞz�k � UBBðx; TÞ
8

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jexxezzj

p
ðk0zÞ3ð1þ jexxezzjÞ

"

� e00
2ðexx þ ezzÞ

ðk0zÞ3ð1þ jexxezzjÞ2

#
: (3)

The second term which depends on the imaginary part of

the dielectric constant is due to the well known non-radiative

local density of states enhancement (“lossy surface waves”) in

the near field of any absorptive body but the first term is solely

due to the bulk hyperbolic metamaterial high-k modes.16,18

Note that this term dominates the thermal emission in the near

field and does not exist for any conventional medium.11 Fur-

thermore as we will show using a complete calculation, the

comparatively lower losses in phonon-polaritonic metals as

opposed to plasmonic metals makes the effect exceptionally

strong as compared to lossy surface waves.

We now calculate this near field energy density (Eq. (2))

for the entire optical phase space of the SiC/SiO2 hyperbolic

metamaterial. A remarkable agreement is seen between the

optical phases in Fig. 1 and the near field thermal emission

131106-2 Guo et al. Appl. Phys. Lett. 101, 131106 (2012)



in Fig. 2. A number of interesting features are observed in

the various phases. The thermal emission exceeds the black

body limit in three regions (a) type I HMM, (b) type II

HMM, and (c) dark red line in the effective metal region

which is due to a surface-phonon-polariton resonance. We

note that (c) occurs only in a narrowband range in the effec-

tive anisotropic metal region22 and does not occur for fill

fraction less than 0.5 (the resonance condition is ejj � e? ¼ 1

which cannot be fulfilled unless we have an effective metal).

We therefore focus our discussions on metamaterials with

f � 0:5 to emphasize the role of the high-k modes.

To understand whether the analytical high-k approxima-

tion is realized in practice, we perform a full calculation for

metamaterials with fill fraction 0.5 and 0.25. The results of

the full calculation are in excellent agreement with our high-

k approximation at distances of z¼ 100 nm, which can easily

be probed in experiment (Fig. 3). Notice that the two regions

of broadband super-Planckian thermal emission (normalized

to the black body emission into the upper half space) are due

to type I and type II hyperbolic metamaterials (Fig. 3(a)).

The metal-dielectric composite behaves like an effective

dielectric in the region in between these two phases and

hence the thermal emission is low (no high-k modes). When

the fill fraction is 0.5, these two frequency ranges are not

separated by bands of effective dielectric or metal and hence

super-Planckian thermal emission is observed in the entire

Reststrahlen band of silicon carbide (Fig. 3(b)). These effects

can be classified as the consequence of the metamaterial top-

ological transitions18 on thermal emission.

The two small peaks in Fig. 3(b) are related to the trans-

verse optical phonon resonance of silicon carbide (xTO) and

the resonant meeting point of all the optical phases

(xs ¼ 171:2� 1012 Hz) where the EMT parameters reach a

singular limit (exx ¼ eyy ! 0, jezzj ! 1) (Fig. 3(b) inset).

A natural question arises whether the optical phases pre-

dicted by effective medium theory can be achieved in prac-

tice. We first note that the wavelength of operation of the

metamaterials lies between 10 and 12 lm and hence it is rela-

tively easy to fabricate extremely subwavelength layers

(a¼ 50–100 nm), where a is the unit cell size. We therefore

expect the effective medium theory to be valid. To verify this

expectation, we calculate the local density of electromagnetic

states23,24 (LDOSs) in the near-field of the hyperbolic meta-

materials using a practical multilayer realization.16 The LDOS

(qEðz;xÞ) is related to processes such as spontaneous and

thermal emission. Our simulations take into account the role

of losses, dispersion, finite unit cell size, finite sample size,

and also effects due to the substrate.

We define and calculate the wavevector-resolved local

density of states (WLDOSs), which carefully elucidates the

contribution of the high-k waves to the near field local den-

sity of states and is related to the thermal emission.16 The

WLDOS (qEðz;x; kqÞ) can be obtained from the Green’s ten-

sor25 as follows qEðz;xÞ ¼ ð2x=ðpc2ÞÞImðTrðG
$ E

ðz; z; xÞÞÞ
¼
Ð

kq
qEðz;x; kqÞdkq (see supplementary information). In

Figures 4 and 5, we show a false color plot of the available

electromagnetic modes in the near field of the metamaterial

FIG. 2. Super-Planckian thermal emission in the near field of the HMM

(normalized to the black body radiation into the upper half-space) calculated

analytically. The characteristic dispersion of high-k states and optical phases

of the HMM are evident. Note that the thermal emission is enhanced in a

broadband range due to the high-k states present in the type I and type II

HMM region but not in the effective dielectric region. The dark narrow band

of high thermal emission occurs in the effective metal region due to a sur-

face phonon polariton resonance.

FIG. 3. Comparison of the analytical result in the near field with an exact

numerical solution for an effective medium HMM with metallic fill fractions

(a) 0.25 and (b) 0.5. The thermal emission is normalized to the black body

emission to the upper half-space with insets showing the effective medium

dielectric parameters of the metamaterial. Note the excellent agreement

between the analytical expression and full calculation. Furthermore, the

broadband super-Planckian thermal emission shows the expected topological

transitions and closely follows the optical phases as expected. The two peaks

in the exact calculation (b) correspond to the transverse optical phonon reso-

nance (xTO) and the singular meeting point of the optical phases (xs).

131106-3 Guo et al. Appl. Phys. Lett. 101, 131106 (2012)



(fixed distance z¼ 100 nm) as a function of frequency and

the lateral wavevector for two different fill fractions

(f ¼ 0:25 and f ¼ 0:5). The internal structure within the

bright bands (dark red lines with kq=k0 > 1) in the multilay-

ered structure comes from the coupled short range surface

phonon polaritons at the interfaces. While in EMT limit, this

structure is explained by the high-k bloch waveguide modes

supported by the slab. Note that waves with such large wave-

vectors are evanescent in conventional media. Thus they do

not carry power and do not contribute to the LDOS.

In Figure 4, the fill fraction of the metal is chosen to be

0.25, so that a type I response is achieved from 1:78� 1014 Hz

to 1:82� 1014 Hz and a type II response is achieved in

between 1:49� 1014 Hz and 1:62� 1014 Hz. For the multi-

layer structure, the thickness of the SiC layers are dm ¼ 50 nm

and the thickness of the SiO2 layers are dd ¼ 150 nm. The total

number of layers are N¼ 10 achieving a net thickness of

D¼ 1lm. On comparing the effective medium predictions

with the practical structure, we see an excellent agreement of

the optical phases as well as presence of the high-k modes. The

multilayer structure as well as the EMT structure behave as an

effective dielectric in the dark band where there are no high-k
modes. Thus the topological transitions predicted in the optical

phase diagram are achieved in the practical structure. In Figure

5, the fill fraction of the metal is chosen to be 0.5 with

dm ¼ dd ¼ 100 nm, N¼ 10, D¼ 1lm so that a type I response

is achieved in 1:71� 1014 Hz to 1:82� 1014 Hz and a type II

response is achieved in between 1:49� 1014 Hz and 1:71�
1014 Hz. The LDOS is enhanced over a broad bandwidth as

expected from EMT.

The number of high-k modes diverges in the EMT limit

even in the presence of losses. This is a fundamental conse-

quence of the hyperbolic dispersion relation. However, the

practical limitation for the detection of extremely high-k

modes is the absorption length within the metamaterial. Note

that there is an upper cut-off for the maximum possible lateral

wavevector in the multilayer realization.11,14 Waves with

wavevectors beyond this upper cut-off (kef f 	 1=a, where a is

the unit cell size) do not perceive the metamaterial in the

effective medium limit and start Bragg scattering. Inspite of

this, modes with wavevectors as large as kmax
q � 50k0 are

excited in the practical structure leading to a large local den-

sity of states enhancement in the near field (see Figs. 4 and 5).

We emphasize that the physical origin of these high-k meta-

material bulk waves are the coupled short range surface pho-

non polaritons at the silicon carbide and silicon dioxide

interfaces.

Having ascertained the presence of bulk high-k propa-

gating waves in a practical phonon-polaritonic realization of

the hyperbolic metamaterial, we now discuss the difference

of our approach as compared to surface electromagnetic

excitations4 or photonic crystal structures.5 The presence of

FIG. 4. Comparison of the WLDOSs which governs thermal emission (a)

EMT prediction (b) Practical multilayer realization for f¼ 0.25 and

z¼ 100 nm. The structure consists of 10 layers of SiC/SiO2, 50 nm/150 nm

achieving a net thickness of 1 lm. The effect of the topological transitions

as well as the presence of high-k modes are clearly evident in the multilayer

practical realization which takes into account all non-idealities due to disper-

sion, losses, finite unit cell size and finite sample size. The bright bands

denote the enhanced LDOS due to high-k modes in the HMM.

FIG. 5. Broadband LDOS enhancement for f¼ 0.5 (a) EMT prediction (b)

practical multilayer structure with 10 layers of SiC/SiO2, 100 nm/100 nm

achieving a net thickness of 1 lm. An upper cut off to the maximum wavevec-

tor exists in the multilayer realization but the net LDOS enhancement (and

hence the super-Planckian thermal emission) at a distance of z¼ 100 nm is

over two orders of magnitude more than vacuum (see Fig. 3(b)).

131106-4 Guo et al. Appl. Phys. Lett. 101, 131106 (2012)



a surface phonon polariton resonance at the interface of air

and silicon carbide leads to a large peak in the thermal emis-

sion beyond the black body limit. This effect occurs at a fre-

quency specified by the material resonance (xsphp ¼ 178:7
�1012Hz) and hence is narrowband and not tunable. The

super-Planckian emission presented in this paper originates

from bulk metamaterial modes, which occur in a broadband

frequency range and depends on the fill fraction (thickness)

of the metal layers.

Photonic crystal structures can also possess a large pho-

tonic density of states at the edge of the bandgap leading to

super-Planckian thermal emission in a narrow range. The

layer thicknesses considered in our paper are far below the

size of the wavelength and we function away from the pho-

tonic crystal regime to achieve a broadband enhancement in

the density of states.

Another effect related to surface excitations are known

as “lossy surface waves,” which is an enhancement in the

non-radiative local density of states in the near field of any

absorptive body (dielectric or metal).4,21,26 They are known

to be the cause of quenching of emitters (e.g., dye molecules)

near metal surfaces. The effect mentioned in the paper will

be easily discernible in experiment from the near-field ther-

mal excitations of such lossy surface modes since they do

not show any of the dispersion effects mentioned in our pa-

per. Furthermore, on comparison of the near field thermal

emission from silicon carbide (which is a lossy metal or

dielectric in the considered frequency range) and the practi-

cal hyperbolic metamaterial, we see two orders of magnitude

enhancement at a distance of z¼ 100 nm in a broad band-

width (except at the sphp resonance condition for SiC

xsphp ¼ 178:7� 1012Hz). This is explained by the compara-

tively moderate losses of silicon carbide in the Reststrahlen

band.

We emphasize that in all the above cases including

hyperbolic metamaterials, the presence of an interface is

enough to guarantee that the far-field emissivity is limited to

unity.9,10 To capture the energy in the near field from evan-

escent waves, a tunneling8 or scanning6,7,27 experiment is

necessary. Note that the extreme near field limit (z�k) eas-

ily obtainable at mid-infrared wavelengths (k � 10 lm)

implies our scaling law will be verifiable experimentally.

Furthermore, the deep subwavelength layers achievable

without difficult nanofabrication (a¼ 100 nm � k) means

the effective medium limit will also be attained (as shown by

our WLDOS simulations). Experimental measurement of the

characteristic dispersion (topological transitions18) of the

thermal emission due to the metamaterial states for samples

with different fill fractions can conclusively support our the-

oretical predictions.

In conclusion, we have established near field thermal

emission exceeding the black body limit from hyperbolic

metamaterials in a broad bandwidth. They arise due to bulk

high-k propagating waves in the metamaterial which cause a

divergence of the density of states (effective medium

limit).11 The predictions of effective medium theory are in

excellent agreement with a practical multilayer phonon-

polaritonic realization of the metamaterial. Our prediction is

verifiable experimentally and we expect our work to pave

the way for near-field thermal engineering using hyperbolic

metamaterials.
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